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Previous theories have had limited success in 
explaining the presence of a peak in the behavior of the 
rate of advance of a step on an ice crystal surface with 
respect to temperature. In the present work we examine 
the temperature dependence of the advance of steps on 
ii 
the basal face of an ice crystal from several points of 
view. An alternate derivation is presented for the randpm 
motion of adsorbents on a cubic lattice with absorbing 
points, and this theory is applied for the advance of a 
step on an ice surface. The velocity of step advance 
according to this model has a peak at a temperature close 
to the observed peak. A similar behavior is not found in 
previous theories. Growth by the random motion of 
adsorbents is extended to a hexagonal lattice. A two step 
model is proposed and we treat the model by using an 
unconventional coordinate system. A closed form solution 
is presented. The interaction among adsorbent molecules 
is treated in a further extension of the stochastic model 
by including the formation of aggregates among adsorbent 
molecules on the surface. The Smoluchowski theory of 
coagulation of colloids is modified and applied to determine 
the density of clusters which contribute to the growth of 
a step by the incorporation of monomers and monomeric 
aggregates. 
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I. INTRODUCTION 
At the end of the XIX century, Dobrowolski in 
Antarctica and Westmann in Spitzbergen studied the nature 
of ice crystals and attempted to explain the peculiarities 
of shape as functions of meteorological parameters. These 
studies were extended by Bentley and Humphries in the 
United States, Heim in Antarctica, and Sukevic and Vejnberg 
in the Soviet Union. Nakaya and his coworkers (19S4) in 
Japan analyzed crystal shapes as functions of meteorological 
parameters both in the field and in the laboratory, and 
noted the importance of supersaturation and temperature on 
ice crystal habit. A curious behavior was found, with the 
formation of long thin needles between -3°C and -S0 c, hollow 
prismatic columns between -S°C and -8°C, and hexagonal 
0 0 plates between -8 C and -12 C. These effects were observed 
in more detail by Hallett and Mason (19S8), and Kobayashi 
(19S7) in diffusion cloud chambers, by Kobayashi (1960) in 
a convective mixing chamber, by Kobayashi (1961) in mixing 
air currents, and by Ono (1970) in field observations. 
They confirmed that the primary change of habit - the plate-
prism-plate transitions - was affected mainly by temperature, 
and supersaturation affected only the secondary changes, 
such as solid prism to hollow prism transitions. Podzimek 
(1962) has extensively reviewed the literature describing 
field and laboratory observations of ice crystal growth. 
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The change of habit with respect to temperature 
suggests that temperature influences growth rates on the 
basal and prismatic faces of ice crystals in different 
ways (Wall, 1947). In this connection, the stepwise growth 
of the basal face has been studied extensively, and recently 
the stepwise growth of the prismatic face has also been 
studied (Lamb and Hobbs, 1971). In their study of epitaxial 
growth of ice crystals on surfaces similar in structure 
to the basal plane of ice, Bryant, Hallett and Mason (1959) 
measured the rate of growth of ice crystals. They found 
that the growth rate of an ice plate on the surface was 
not influenced by the proximity of other ice crystals, 
implying that there was no vapour competition, and that the 
growth was mainly due to the diffusion on the surface. 
Hallett (1961) established that steps travel with a velocity 
inversely proportional to their height. If one makes the 
assumption that molecules landing within a distance x of 
s 
the growing step diffuse to the step, the number of 
molecules arriving at a step per second is (2x +h)J, where 
s 
J is the (uniform) rate of deposition, and h is the step 
height. The rate of advance of the step is then 
v = (2x +h) Jc/h ~ 2x Jc/h 
s s 
where c is the separation of crystal molecules in the 
surface, and the approximation is made that the height of 
the step is much less than the diffusion length, (h<<x ) . 
s 
(1) 
Th~s the data of Hallett also strongly support the concept 
3 
of surface diffusion as an important mechanism in the 
growth of ice crystals. 
The point of view taken in the above derivation is 
similar to the idea behind the experiment of Mason, Bryant, 
and Van den Heuvel (1963). They measured the diffusion 
length, or collection distance, x , by noting the separation 
s 
at which two approaching growth layers on an ice surface 
slowed their relative motion. This separation was taken 
to equal twice the collection distance. Using the above 
relation between collection distance and velocity, their 
data agreed with Hallett's, but were displaced by 5°C. 
Lamb and Scott (1972) measured the rates of growth 
of steps on both basal and prismatic faces of ice using 
optical observations. Their result for the basal face 
was in agreement with Mason et ai. (1963). The results for 
the prismatic surface were similar in shape, but displaced 
in temperature. This agrees with the conjecture of Wall 
(1947) and Mason (1970), that growth on the basal and 
prismatic faces differed only by such a temperature dis-
placement. At different temperatures steps on either the 
basal or the prismatic face would have a greater growth 
rate; hence the crystal would have a tendency to grow either 
as a prismatic column or as a plate, depending on the 
temperature. 
The present work intends to examine theoretically 
some of the basic kinetics of the growth of a step on an 
4 
ice crystal surface. In Section II we shall discuss some 
of the previous work done on the calculation of rate of 
growth on an ice crystal surface, in particular the diffusion 
theories of Hobbs and Scott (1965) and Lakoma (1969). An 
alternate derivation of the model of the random walk on 
a cubic lattice of Gevers (1956) will be presented in 
Section III. Several results will be calculated using the 
model. It will be extended to treat the random walk on a 
hexagonal ice-type structure in Section IV. The effect of 
the motion of the other molecules will be discussed in 
Section v. Molecular aggregates will be examined in 
relation to the theory of crystal growth. A simple exten-
sion of the Gevers approach is proposed which is to 
include the coagulative growth of aggregates among 
adsorbent molecules on a crystal surface. Problems related 
to this approach will be mentioned. 
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II. PREVIOUS THEORIES 
Early theories of ice crystal growth had been 
developed by Robitzch (1942), Krastanow (1943), and 
Weickmann (1949). Marshall and Langleben (1954) developed 
a theory emphasizing the importance of supersaturation in 
ice crystal growth. The experiments of Nakaya and others 
showed that in fact the temperature was of prime importance 
in the growth of ice crystals. The temperature dependence 
of the velocity of step growth was examined by Hobbs and 
Scott (1965). They considered the situation where vapour 
molecules would be deposited uniformly on the crystal 
surface as adsorbed molecules. The adsorbed molecules 
would diffuse along the crystal surface, either evaporating 
back to the vapour, or being incorporated into the crystal 
structure. In their treatment the equation of continuity 
at any point x on a one dimensional line was shown to be, 
D v2c (x) - kC (x) = (A -A )f(x) 
s s s s v 
(2) 
where k is the desorption probability, D is the surface 
s 
diffusion coefficient, Cs(x) is the mass density of 
adsorbents at point x, Av is the flux of molecules passing 
from the vapour phase to the surface, A is the flux of 
s 
molecules passing directly from the ice lattice to the 
vapour phase, and f(x) is the fraction of the surface at 
the point x occupied by adsorbent molecules. The diffusion 
equation was solved assuming a linear form of f(x), it 
6 
being largest far away from the step and going to zero at 
the step. Deposition on the step was neglected. The 
resulting velocity of growth was, 
= 2D~p D (k+DCd~p)-1 
v hdp. s 
1. 
where D is the diffusivity of water vapour in air, ~P is 
the increase of water vapour density a distance d above 
the surface, p. is the density of ice, h is the step 
1. 
height, and the total number of lattice sites per unit 
length is C. 
(3) 
The factor D~d- P was obtained by fitting the theoretical 
c 
velocity to Hallett's (1961) experimental data. The 
agreement of this theory and experimental data was 
qualitatively acceptable, in that there was a peak in the 
growth rate. However neither the magnitude of the tempera-
ture of the maximum growth rate, nor the relative 
magnitude of the maximum growth rate were close to experi-
mental values. 
Lakoma (1969) extended the work of Hobbs and Scott by 
considering the problem of surface diffusion on a two 
dimensional surface. The hexagonal structure of the ice 
surface was accounted for by a geometrical factor in the 
diffusion coefficient. The adsorption of diffusing 
adsorbent molecules was responsible for the advance of the 
step. The density of molecules reaching the step was 
calculated by solving the diffusion equation describing 
7 
the random motion of the adsorbent molecules. Lakoma 
derived her entire theory from first principles, assuming 
reasonable values of activation energies for transitions 
between different states in the crystal, on the surface, 
and in the vapour. Although the qualitative behavior of 
the growth did not correspond, she found that her velocities 
agreed in order of magnitude with experiment. 
The mathematical treatment of the motion of surface 
steps, both in the present work and in previous theories, is 
based on the assumption that the motion of the step may be 
neglected by comparison with the random motion of adsorbent 
molecules. It will be shown that this assumption is, in 
fact, reasonable in terms of the model considered. 
The growth of a monomolecular layer on an ice surface 
is considered to be due primarily to the diffusion of 
adsorbent molecules toward the edge of this surface. The 
surface is under a vapour of supersaturation S with respect 
to ice, and molecules from the vapour condense uniformly 
on the surface. Adsorbed molecules either diffuse toward 
the step, or evaporate back to the vapour. 
The Brownian motion of an adsorbent particle on a 
surface is characterized by a mean squared migration 
distance x~, and a mean lifetime on the surface, Ts' during 
which a molecule will probably not evaporate. With these 
parameters one may define a mean velocity vs = xs/Ts. If 
a step grows by adsorption of diffusing molecules, the 
8 
maximum possible rate of step advance equals the mean 
velocity of adsorbents, vs. 
Not all adsorbent molecules contribute to the growth 
of the step: the fraction of the surface covered by 
molecules contributing to the step advance is defined as 
f=n /n , where n is the number of such molecules on the g 0 g 
surface and n
0 
is the number of equilibrium adsorption 
sites on the surface. Since at saturation it is known 
that no growth occurs, the difference between the number 
of adsorbents at supersaturation S,n , and the number at 
s 
saturation, n , is equivalent to the number of molecules 
so 
contributing to the growth. Thus the fraction of the 
surface covered by these molecules is, 
fs = (n -n )/n = (n /n -l)n /n = Sn /n • (4) 
s so 0 s so so 0 so 0 
The evaporation of adsorbent molecules is controlled 
by the energy difference between adsorbent and vapour 
states of the molecule, and by the vibration frequency of 
the adsorbent molecule on the surface. The simplification 
is made that molecules have uniform energies in the two 
respective energy states, and molecules on the surface can 
be described by a vibration frequency, v. The expected 
lifetime of a molecule on the surface against evaporation 
is given by the Boltzmann expression 
(5) 
where U is the energy difference between adsorbent 
sv 
molecules on the surface and those in the vapour. 
9 
The ratio of the number density of adsorbent molecules 
and the number density of equilibrium adsorption sites, 
(or density of molecules in the surface), is obtained from 
the Boltzmann expression, which is a function of the energy 
difference between an adsorbent molecule on the surface 
and a molecule imbedded in the crystal surface, Ws' 
n /n = exp(-W /kT). 
so 0 s 
(6) 
Using these identities, the velocity of step advance is 
v = 2x /T f = 2x Svexp(-W/kT) where W = U +W (7) 
s s s s sv s 
where W is the total evaporation energy from the ice crystal 
surface. The factor of two arises from the fact that 
molecules from ahead and behind the step contribute to 
the growth. Using this factor depends on the assumption 
that the edge absorbs molecules equally readily from both 
sides, and that the edge is moving slowly compared to the 
motion of the other molecules. The latter assumption is 
made simply to make the problem more tractable. The factor 
of two will be seen not to affect the validity of the 
approximation considered. 
We must consider the fact that not all edge sites 
incorporate molecules into the lattice (Fig. 1). If d 
is the separation of such absorbing kinks, and c is the 
10 
F\GURE \. STEP ON CR'I'STALUNNE SURFACE. 
(BURTON, CABRERA, & FRANK, \95\) 
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separation of lattice sites, the density of kinks is 
nk = c/d . (8) 
Burton, Cabrera, and Frank (1951) calculate this ratio 
to be, 
c/d = 2(2+exp(w/kT))-l · 2exp(-w/kT) (9) 
where w is the energy necessary to form a kink. Thus 
the final expression for the motion of the step is 
vst = xssvexp[(-(W+w)/kT)]. (10) 
In order that the motion of the step may be neglected when 
considering diffusion towards the step, the speed of the 
moving adsorbents would be much greater than the step speed. 
If the diffusion coefficient on the surface is Ds' and 
2 Einstein's relation gives Ds = xs/Ts' we have as a 
criterion 
-1 
= (SVTs) exp(W/kT)exp(w/kT)>>l. (11) 
If we use the numerical _values of Lakoma, (see Appendix) 
-1 -1 
namely that W=l2.2 kcal mol , w=3.9 kcal mol , and 
Usv=6.1 kcal mol-l, the criterion becomes K=90/S. For 
several values of supersaturation, we see: 
s 0.1 0.15 0.2 0.25 
K 900 600 450 360 
12 
Thus the criterion is satisfied for the supersaturations 
found in nature, and the step motion can be neglected. 
The factor of two discussed above is seen not to invalidate 
this criterion. 
Another important factor in this model is the ratio 
of the kink separation to the diffusion length. This ratio 
gives us an idea of the behavior of the edge, i.e~. , whether 
the edge is a good absorber of adsorbent molecules. If the 
kink separation is much '. Tess··_ than the diffusion length, 
one would expect almost every molecule reaching the edge 
to reach a kink site, and conversely, if the kink separation 
is :·,1_greate-r:, than the diffusion length, only some molecules 
reaching the edge will reach a kink site and be incorporated 
into the lattice. The following calculation gives a rough 
estimate of the magnitude of this ratio. 
Einstein's relation for Brownian motion 
D -r 
s s 
may be applied to the case of adsorbent molecules moving 
on a surface, in which case x 2 is the mean square dis-
s 
(12) 
placement of a molecule on the surface, Ds is the related 
diffusion coefficient, and -r is the mean lifetime of such 
s 
a molecule against evaporation to the vapour. For this 
order of magnitude calculation we consider the adsorbents 
to be simple molecules for which we write 
1/ -r s = vexp (-tl5 ,7k'D ) .• (13) 
13 
The frequencies v and v' are both on the order of atomic 
vibration frequencies, 1012 sec-1 , and are taken to be 






exp{(U ; ,;_U ) /kT}. 
s sv ss 
(14) 
The mean distance between kinks is given by the inverse of 
(9). The ratio of diffusion length to kink separation is, 
where w is the energy necessary to form a kink. The 
various energies ~ave been evaluated by Lakoma (1969), 
and are discussed in the Appendix, q.v., on the basis of 
a simple model of van der Waals and hydrogen bonding of 
adsorbent molecules to the ice surface. We may evaluate 
the ratio and find x /d = 0.045. Thus for this model the 
s 
kink separation is larger than the diffusion distance. 
While there are some very strong assumptions made in this 
calculation, one can say it is not justified to let all 
molecules arriving at the edge be incorporated into the 
crystal structure. In the following work, the edge will 
not be taken as a perfect absorber of particles, but will 
have discrete kinks where incorporation into the lattice 
takes place. 
III. A STOCHASTIC MODEL FOR 
CRYSTAL GROWTH ON A CUBIC LATTICE 
The growth of an ice step on a crystal surface has 
14 
been attributed to diffusion of adsorbent molecules over 
the surface, as has been discussed previously. While 
adsorbent particles are diffusing they interact with each 
other in several ways; one interaction is that which gives 
rise to the random motion itself, another leads to the 
formation of aggregates on the crystal surface. In the 
following treatment we shall consider an extremely 
simplified model, suggested by the experiments of Hallett 
(1961) and Mason et al. (1963), and which has been pre-
viously used in the theory of crystal growth. (Buckley, 
1951; Strickland-Constable, 1969). In this model there 
is a vapour above the surface whose only function is to 
supply molecules to the surface with a uniform and 
isotropic rate of deposition. All adsorbent molecules will 
interact only so that they are executing random motion on 
the surface. Some diffusing molecules may reach the edge 
of the growing layer, and, at certain points called kinks, 
are incorporated into the crystal structure, resulting in 
the advance of the step. For mathematical tractability 
the behavior of molecules on either side of the edge is 
assumed to be identical, although this is not physically 
justified even in this simple model. 
The random walk in two dimensions has an old history, 
having been considered by Courant and Arany 
1 5 
and later by Jordan (1965) and McCrea and Whipple (1940). 
It has been applied to the motion of steps by Gevers 
{1958). 
The following treatment is based on the work of Gevers 
{1958). We present an alternate derivation of his theory 
which is suggested by the work on random walks of McCrea 
and Whipple (1940), and which is more simple and describes 
the physical situation more clearly. 
Essentially, the problem under consideration is the 
Kessel idea of the motion of a repeatable step on a 
square lattice (Buckley, 1951, p. 183). There is a straight 
line on this lattice which separates two parallel planes, 
one being a monomolecular layer higher than the other. 
Growth is accomplished by the incorporation of adsorbent 
molecules in the step (Frenkel, 1945). The present model 
has adsorbing positions in the step to correspond to 
Frenkel's notion of kinks, i.e. points where adsorbents 
are incorporated into the lattice. For mathematical 
convenience the steps are periodic, with period 2mc, where 
m is the integer step spacing, and c is the surface 
molecular spacing of the crystal. The system is in 
contact with a vapour of supersaturation S relative to 
the surface, defined by (p/p )-1, where p and p are 
0 0 
actual and saturation vapour pressures, respectively. 
The motion of any surface molecule has several alter-
native possibilities. The particle may evaporate to the 
vapour with a rate q dt = v exp(-Usv/kT) dt, or it may 
1 6 
jump to an adjoining surface position with a rate 
p dt = v' exp(-Uss/kT). nand»' are approximately equal 
to the surface vibration 'frequency of the adsorbent, and 
are usually chosen to be equal to 10 12 sec-l U and U 
s ·s sv 
are the energies of transition between adjoining surface 
sites and betwee,n the surface and the vapour, respectively. 
It is also assumed that molecules are uniformly deposited 
on the surface with rate of deposition i. 
At an edge there is a somewhat different situation 
and different probabilities must be defined. The rate of 
transition along the step is p' dt=v4exp(-U /kT)dt, ee 
where v4 is related to the ·surface vibration frequency 
along the edge, and Uee is the acti~ation energy for a 
transition along the edge. The rate of transition from 
the edge to the surface is q' dt = v 3 exp(-U /kT)dt, se 
where ~ 3 is a surface vibration frequency, and U is the se 
activation energy for a surface to edge transition. The 
rate at which molecules evaporate directly from the edge 
* equals (qq'/p)dt. 
The coordinate system is similar to that of Gevers 
(Fig. 2). The steps are separated by 2mc, with the origin 
of the y-axis midway between the two steps. Kinks are 
periodic along the edge with a separation d, similar to 
the model proposed by Burton~ Cabrera and Frank (1951). 
The kink separation can be derived from kinetic considera-
tions, and is approximately equal to d = 1/2 c exp ( w /kT), 
The origin of the x-axis is parallel to the kinks. 
*Assumina the. &rocesses are indeoendent (Gevers, 1958). 
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1 ·~ 
dlcxj 
.__.-~m~c.--.~~----x.--~~ y .. --- y -
FIGURE 2. COORDINATE SYSTEM ON KOSSEL CRYSTAL SURFACE 
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Having defined the coordinates, the behavior of the 
system is examined. At a given supersaturation, molecules 
are deposited on the surface with a uniform rate of 
deposition i. On the surface molecules may diffuse along 
the surface until they either evaporate or reach an edge. 
At an edge they may also diffuse, evaporate, or be incor-
porated into the lattice at a kink site. This calculation 
counts all the deposited molecules which reach a kink site, js. 
Since at saturation the step is presumed not to grow, all 
molecules reaching a kink at saturation are assumed to 
evaporate. Therefore, the number of molecules evaporating 
from the kink at any supersaturation equals the number of 
molecules arriving at the kink site at saturation. Denoting 
the current of molecules arriving at the kink at saturation 
by j , the actual current of particle contributing to 
0 
the growth of the step is: 
I = J. -J· s o· 
The flow of molecules at an equilibrium site is now 
considered; let (x,y) be the coordinates of a point on 
(16) 
the surface. The average molecular density per unit time 
at this point is P(x,y). The rate at which a molecule 
leaves the point either by a jump to any of its four 
adjacent positions or by evaporation .is (4p+q). Particles 
may arrive either by jumping from any of the four 
adjoining positions or by being deposited from the vapour. 
The condition of continuity, that the number of molecules 
arriving at a point equals the number of molecules 
leaving the same point, may be written 
19 
(4p+q)P(x,y) = pP(x-l,y)+pP(x+l,y)+pP(x,y+l)+pP(x,y-l)+i. 
(17) 
There are several boundary conditions which must be 
satisfied. First we shall assume that conditions on 
either side of the step are equivalent. This is not very 
realistic, but under this condition the problem can be 
solved, and it seems reasonable that not too much error 
is associated with this assumption. 
P(x,y) = P(x,-y) (18) 
The assumption that the kinks are periodic with a period 
d is: 
P(x,y) = P(x+d,y). (19) 
The equation of continuity, (17) is satisfied if P(x,y) 
is of the form: 
P(x,y) = C + exp(iax + 2by). 
with subsidiary conditions, 
cos(a) + cosh(2b) = 2 + q/(2p) and C = i/q. 
To satisfy the boundary condition of periodicity, (19), 
the constant a must be chosen as 
(20) 
(21) 
a = 27fr/d r = O,l, •.• ,d-1 • 
The function P(x,y) is then the sum of solutions 
P(x,y) 
d-1 
= (i/q) [1 - L A(r) cos ( 2 7f~X) cosh (2S ) ] 
r=O r 
where ar is the solution of the equation equivalent to 
(2'1) 
27fr 
cosh(2Sr) +cos(~) = 1 + q/2p 
and the coefficients A(r) are constants to be found by 





Since the solution at the edge is independent of y, 
we shall denote it by P(x). The continuity equation must 
also be satisfied at the edge, y=-m+l and y=m-1. This 
leads to the condition 
pP (X 1 -m+ 1) = ·q 1 P (X) • 
From (2 .3) and (25) , the solution at the edge is seen 
to be 
d-1 
P(x) = (ip/qq') [1 - L A(r) 
r=O 
( 27frx) ] cos--d 
The complete equation of continuity at the edge is: 
aa 1 (2q' + 2p' + :p-> P(x) = p'P(x-1) + p'P(x+l) 





The condition that all molecules arriving at an edge kink 
site be absorbed into the crystal can be expressed: 
P(O) = 0 • 
After some manipulation, these two conditions yield the 
following relations, 
d-1 
}: A(r) = 1 
r=O 
' d-1 
}: cos( 2TI~x) [~p + qE: (1- cos( 2Tir)) 
r=O d 




To solve for A(r) we note the discrete equation analogous 
to the orthogonality of trigonometric functions in the 
continuous case (Jordan, 1965) 
d-1 
\ (2Tidrx) = 0 "f ~ 0 L cos 1 r,x 1 • 
r=O 
(30) 
This equation implies that the coefficients of the cosine 
in the second equation of (29) are constant and independent 
of r. Defining 
u(r) = ~ + ~(1- cos (2Tir)) + 1- cosh(2Srm) £P q d 
we can find A(r) by using the first of (29) 
d-1 









-1 1/u(s)] . 
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( 33) 
The molecular flux evaporating from the rectangle bounded 
by x=O, x=d-1, y=-(m-1), and y=m-1 is 
1 d 1 ' d-1 
· N = mi I qP(x,y) + ~ I P(x) 
Yc=-m+l x=O p x=O 
sinh ( (3 m) 
0 
= 2mdi- 2diA(O) cosh[f3 0 (m-l)] sinh((3 ) 
0 
The number of molecules deposited per unit time on this 
(34) 
same area is 2mdi. Hence the molecular flux reaching the 
kink is the difference between the number of particles 
being deposited, and the number of particles being 
evaporated into the vapour. The number is found to be 
js = 2idA(O) cosh[(30 (m-l)] sinh((3 0m)/sinh((30 ). (35) 
Since, as discussed above, there is no growth at satura-
tion, the net number of particles contributing to the 
growth of the step per second is: 
= 2dA(O) cosh[(3 (m-1)] (i-i) sinh((3 m)/sinh((3) 




is the deposition rate at saturation. The super-
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saturation is by definition S = (p/p ) - 1 = 
0 
(i-i ) /i 
0 0 
from which it follows that 
I= 2i dA(O)Scosh[8 (m-1)] sinh(8 m)/sinh(8 ). (37) 
0 0 0 0 
At any place on the surface, at saturation the rate 
of condensation is also equal to the rate of evaporation. 
Denoting the energy of activation for the evaporation of 
an adsorbent molecule by w, and the characteristic 
surface vibration frequency by v", the saturation rate 
of deposition is i
0 
= v"exp(-w/kT). The net rate of 
molecules arriving at the kink may be expressed as 
I= 2dA(O) cosh[80 (m-l)]S v" exp(-w/kT) sinh(8 m)/sinh(8 ). 0 0 
(38) 
In units of the separation of molecules in the crystal, 
the rate of advance of a monomolecular step is 
2 
v == Ic /(de). (39) 
Therefore the velocity of the step is 
v = 2 c 2A(O) S v" exp(-w/kT) cosh[8 0 (m-l)]sinh(8 m)/sinh(8) 0 0 
where 
0 







= r l: 
s=O 
-1 1/u ( s) ] /u ( 0) 
= ....S. +e.:_ [1- cos( 2drrs)] + 1- cosh(2S .s.). 2p q' 
Summarizing, the model used is a two-dimensional 
cubic representation of an ice lattice. The surface is 
in the presence of a vapour of supersaturation S with 
respect to ice, which has steps, corresponding to the 
dislocations of the surface proposed by Frank (1949). 
The steps are growing by the diffusion of surface 
adsorbents, with a rate described by (40). 
24 
( 42) 
( 4 3) 
Equation (40) has been evaluated using the energies 
discussed in the Appendix. These values are derived by 
considering the adsorbent to be on a wurtzite-type ice 
surface with two types of equilibrium sites: one type of 
site has a hydrogen bond between surface and adsorbent, 
the other is a saddle point between two hydrogen bond 
sites with a van der Waals bond between adsorbent and 
surface. The same values of transition energies will be 
used on the cubic lattice, with the justification that the 
change of lattice types induces a change of a constant in 
the diffusion coefficient. Since the variation of 
temperature is of primary interest, this geometric 
constant is neglected. 
The separation of the steps is taken to be the maximum 
surface displacement of adsorbent molecules. This quantity 
25 
is taken to equal that calculated by Burton, Cabrera 
and Frank (1951) , namely 
m = c exp ( (Usv-uss)/2kT). (44) 
Fig. 3 shows the resulting velocity behavior. In 
agreement with experiment (Hallett, 1960, Mason, et al. 
1963, Lamb and Scott, 1971), the velocity of advance of 
the step decreases with temperature. This is in contrast 
to the behavior predicted if one only considered diffusion 
from a certain maximum distance to the step. Using 
Einstein's expression for the root mean square displacement 
in Brownian motion as a maximum collection distance, one 
sees that velocity increases as temperature decreases. 
Lakoma (1969) has found behavior similar to this in her 
theory, while Hobbs and Scott's formulation predicts the 
converse in agreement with experiment. Hobbs and Scott 
make allowances for the Doppler friction, where a particle 
suffers more collisions in one direction than another, 
while this is neglected by Lakoma. This may be the reason 
for Lakoma's poor agreement with experiment. 
0 A peak in the velocity of step growth at -6 C has 
been observed by previous experiments. The present 
theoretical results observe a similar peak at -7°C, quite 
close when considering the approximations made in this 
model. It must be pointed out that the existence of these 
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GROWT·H RATE VS. TEMPERATURE 
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energies for transitions between surface sites and for 
transitions from the surface to the vapour were varied 
±10%, the peaks were observed to occur at different 
temperatures, change shape, or even disappear. Howeve ~­
with the usual approximations for various parameters, 
such as Lakoma's, the peaks were in reasonable agreeme: 
with experimental observations. 
One should also note that the absolute magnitude 4 
step velocity is open to question due to two factors. 
experimental observations are normalized to a step hei 
0 
of 250 A while the present model is of a monomolecular 





definition of the height of a monomolecular step. Sec d, 
the velocity is directly proportional to the vibration re-
quency of an adsorbent. Lakoma has taken this to be t 
vibration frequency of the hydrogen bond, which may no 1e 
correct to better than an order of magnitude. This cot 
introduce a · corresponding error in the velocity. Since the 
present work is primarily concerned with the temperature de-
pendence of the step velocity and these two corrections are 
temperature independent, they shall not be considered. 
Lakoma (1969) has proposed an interaction between the 
motion of molecules on the ice surface and on the step as 
an explanation of the peaks in the experimental growth rate 
versus temperature. This model shows that such a hypothesis 
is not necessary to exhibit such peaks, but rather, the 
random surface motion induces the behavior. 
IV. A STOCHASTIC MODEL FOR CRYSTAL GROWTH 
ON A HEXAGONAL LATTICE 
28 
Ice is somewhat more complicated than the simple cubic 
Kosse! structure considered before. Ice has numerous 
different forms (Fletcher, 1970, p. 49); we shall consider 
the form ice I which is observed under usual atmospheric 
conditions. It is generally agreed that this ice 
crystal lattice is of the wurtzite type with oxygen atoms 
at the vertices. The structure has been considered before 
with respect to random walks. Thorpe (1971) has examined 
this problem and has proven several general theorems 
relating the random walks on the wurtzite and other struc-
tures. The transition probability from one vertex to 
another was assumed to be uniform. However, the actual 
motion of adsorbents on a wurtzite type lattice is composed 
of a series of jumps among different types of sites. This 
point shall be considered in the following section. 
Lakoma (1967, 1969) has considered the geometry of 
the surface structure in her treatment of the diffusion 
of adsorbent molecules on an ice surface. In her model, 
the molecular motion is from H-bond site to H-bond site 
on a hexagonal lattice, with the motion restricted to 
jumping to any of six adjacent positions. This alters 
the diffusion coefficient by a factor of s/2, where s is 
the number of adjacent equilibrium adsorbent sites. The 
effect of this assumption is essentially to consider a 
diffusion process with motion allowed only in three 
directions in the surface plane. This discrete model 
is then applied to a continuous flow of particles along 
the surface. 
In the following section the motion of a water 
molecule on an ice surface is considered as a hopping 
between hexagonal hydrogen bond positions, altered by 
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the presence of interstitial van der Waals bonding posi-
tions (Fig. 4). Looking at a single jump between hydrogen 
bond positions it is evident that the transition is not 
on a straight line between two points, but has an attrac-
tion to the nearby molecule responsible for some van der 
Waals attraction, which causes a saddle point to exist 
between the two equilibrium sites. A molecule at this 
saddle point can go to either of the two H-bond sites 
mentioned. In addition, however, there is the possibility 
that the molecule may move to the third H-bond site 
adjacent to the nearby molecule responsible for the van 
der Waals force. This last probability is smaller than 
the first two, but we shall make the assumption that the 
three probabilities are equal. Admittedly this is a 
rather strong assumption, but it is a first step and as 
such is an advance toward describing the real situation. 
The process to be considered consists of i) a jump 
from a hydrogen bonded site to a van der Waals bonded 
site, and ii) a jump from the van der Waals site to an 
adjoining hydrogen site. It may be noted that the latter 
30 
F1GURE 4. CRYSTAL STRUCTURE OF ICE 
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process is much more common than the former because of 
the large difference in binding energies between the two 
bonds. Either type of jump is assumed to be only to the 
nearest neighbour of the opposite type. Hence a molecule 
on any site has the possibility of jumping to any of 
three adjoining sites of different type (Fig. 5). The 
following probabilities and rates are defined: 
p - transition probability from H-bond to van 
der Waals bond site 
q - evaporation probability from H-bond site 
r - transition probability from van der Waals to 
H-bond site 
s - evaporation probability from van der Waals 
bond site 
i - rate of condensation on H-bond site 
j - rate of condensation on van der Waals bond site 
The basal ice surface is shown in Fig. 5, where the 
open circles are H-bond sites, and the shaded circles are 
van der Waals bond sites. To simplify the coordinate 
system we denote an H-bond site and its upper neighbour 
van der Waals site by one coordinate point (x,y). The 
resulting lattice of points is shown in Fig. 6. We 
consider a two dimensional coordinate system of integers, 
and we let P.(x,y) betheprobability of finding a molecule 
on an H-bond site, and let Q(x,y) be the probability of 
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• • • • • • • 
0 0 0 0 0 0 0 
• • • • • • 
0 0 0 0 0 0 
FIGURE 5. BASAL SURFACE OF ICE. 
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finding a molecule on a van der Waals site where both 
sites are denoted by the same coordinate (x,y). The 
continuity condition requires that the rate of particles 
arriving at a site should equal the rate of particles 
leaving the same site. This condition holds for each 
type of lattice site, and may be expressed as: 
(3r+s)Q(x,y) = pP(x,y) + pP(x-l,y-1) + pP(x+l,y-1) + j 
(3p+q)P(x,y) = rQ(x,y) + rQ(x-l,y+l) + rQ(x+l,y+l) + i. 
(45) 
One may note from Fig. 6 that the parity of the 
coordinate points x varies with the parity of the coor-
dinate points y, i.e. if y is even the x has only even 
values, if y is odd then x has only odd values. This 
dependence may be expressed as 
(46) 
The parity of y in the raw function on the left hand side 
of (45) determines the parity of the y in the transformation 
used in the entire equation (45). Thus, any point (x,y) 
is uniquely described by the pair of integers (n,y). The 
equations in these coordinates become 
(3r+s)Q(n,y) = pP(n,y) + pP(n,y-1) + pP(n+l,y-1) + . j 
(3p+q)P(n,y) = rQ(n,y) + rQ(n,y+l) + rQ(n+l,y+l) + i. 
(47) 
The terms corresponding to deposition may be removed by 
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FIGURE 6. COLLAPSED BASAL ICE SURFACE. 
an appropriate change of variables, P(n,y) = 
Q(n,y) = Q
0
+G(n,y), with the result being 
P +F(n,y) 
0 
(3p+q)F(n,y) = rG(n,y) + rG(n,y+l) + rG(n+l,y+l) 
(3r+s)G(n,y) = pF(n,y) + pF(n,y-1) + pF(n+l,y-1). 
Substituting one equation into the other results in a 
35 
(48) 
single equation, which is identical for both the functions 
F and G 
(3r+s) (~)F(n,y) = F(n,y+l) + 2F(n,y) + F(n,y-1) 
r p 
+ F(n+l,y+l) + 2F(n+l,y) + F(n+l,y-1) + F(n+2,y). 
(49) 
This equation may be simplified to the following by rearrange-
ment of terms 
AF(n,y) = F(n,y+l) + F(n,y-1) + F(n+l,y+l) + 2F(n+l,y) 
+ F(n+l,y-1) + F(n+2,y) 
where A= (3+~) (3+~) - 2. 
r p 
(50) 
The solution of this second order difference equation is 
found by following the prescription of Jordon (1965). 
First the substitution is made that F(n,y) = aYH(n). The 
resulting equation is now in terms of only one variable 
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if we choose the value of a 
H(n+2) + (a+2+1/2)H(n+l) + (a-A+l/a)H(n) = 0. (51) 
The characteristic equation of this difference equation is 
r
2 
+ (a+2+1/a)r+ (a-A+l/a) = 0 (52) 
with the solutions 
r 1 ,r2 = ~[(a+l/a+2) ± v'(a+l/a) 2+4(1 +A)]. (53) 
Finally, the general solution of the difference equation 
is: 
(54) 
We may choose a so that certain conditions on the general 
solution may be satisfied. For example, we may choose 
the solution to be periodic in the y direction. The 
v.ariables a, r 1 and r 2 are, 
a = e 
.l-8 
r 1 , 2 = [1 + case ± v'l+cos
2
e+A] (55) 
and the general solution of the difference equation is 
(56) 
In order that the density function be periodic in the 
same way the Gevers solution was earlier, the constants 
c1 and c2 are chosen so · 
F(n,y) 8 = 2nj d • 
The condition that the solution has a period d, the 
37 
(57) 
separation of the kinks in the Gevers model, implies that 
2 . 
e = ~J where j is a non-negative integer. The expression 
for the function F is then, 
and similarly the function G is 
G(n,j) 
The final probability densities of particles in random 
motion on a two site lattice with an imposed periodic 
behavior are: 
p = p {1 -
0 




( 6 0) 
At this point the constant coefficients in the sums 
must be evaluated from additional boundary conditions. 
The application of boundary conditions identical to the 
Gevers model leads to a system of four additional equations, 
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each involving similar sums, which might probably be 
evaluated numerically, but no closed form solution was 
found. It is expected, however, that the present solution 
could be evaluated if this boundary condition were 
changed. Several other similar types of conditions of 
the step were attempted, but these gave no better results. 
If the step were perpendicular to the y axis rather 
than the x axis, one would impose periodic boundary 
conditions on the n coordinate. This was done, but the 
y function of the coordinate became complex, and this was 
abandoned because it was thought unphysical. 
In sum, the motion of a particle on a lattice with 
two types of sites was calculated as a model analogous 
in some ways to the basal face of ice. The solution has 
certain characteristics, such as periodicity, which are 
similar to the Gevers model, but the evaluation of the 
motion along the edges is not possible using the Gevers 
model. 
39 
V. CONTRIBUTIONS OF AGGREGATES TO STEP GROWTH 
A common feature of most theories of ice crystal 
growth is the assumption that there is no interaction 
among adsorbent molecules. Hobbs and Scott (1965), and 
Lakoma (1967) consider the diffusion of single molecules 
on a surface with no effect of one molecule upon any other 
molecule. Strickland-Constable (1968) and others have 
noted this fact, but there have been no diffusion theories 
incorporating any interaction between adsorbent molecules. 
Murphy and Aguirre (1972) have considered the Brownian 
motion of interacting particles in a closed system, but 
as yet their work is only applicable in the long range 
interaction limit. 
Michael Faraday had proposed that the surface is 
·actually covered with a liquid layer. Several later 
workers (Fletcher, 1970, Ryan and Macklin, 1969) have used 
this assumption to derive and discuss properties of ice 
attributable to this liquid layer. It has been proposed 
that there may be an explanation of the change of habit 
of ice crystals by the assumption of a liquid layer on the 
ice surface (Knight and Knight, 1972). However, Kuroiwa 
(1961) and Hobbs and Mason (1964) in their studies of ice 
sintering found no evidence for the existence of a liquid-
like layer on the ice surface. Fletcher (1968) indicates 
that in theory a liquid layer could exist above about -6°C. 
This would not account for the change of habit below this 
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temperature, although Fletcher admits that these numerical 
results are speculative. Crystals different from ice have 
been grown from the vapour at temperatures near their 
melting points, e.g. zinc (Hudson and Sears, 1961) and 
potassium (Hock and Heumann, 1954, Parker and Kushner, 
1961). Whisker growth was observed, and from this was 
inferred that no liquid layer exists on a growing crystal 
surface (Cahn, 1969). Thus the question whether a layer 
of liquid water exists on a growing ice surface is still 
very controversial, with no definite answer at present. 
In studies of epitaxial growth of Au and Al on a KCl 
surface, Masson, Metois, and Kern (1971) claim to observe 
crystallites migrating on a growing surface. These 
0 
crystallites are less than 50 A in size, and migrate a 
0 
distance of approximately 350 A on the surface. Such 
crystallites have been postulated by others, (Cazcarra, 
Bryson, and Levenson, 1973) to explain data of epitaxial 
growth. 
In the present section we shall outline a theory of 
crystal growth including the possibility of adsorbent 
interaction. The interaction is considered by including 
the existence of surface aggregates. The Smoluchowski 
theory of coagulation is applied to clusters in Brownian 
motion on a surface, and the contribution of such clusters 
to the rate of advance of a step is shown. Several 
unsolved problems in this approach will be noted. 
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Consider a step, one molecule in height, growing by 
the incorporation into the crystal structure of monomeric 
molecules and aggregates of molecules. The following 
conditions are assumed: 
i) The distribution of clusters at the surface is 
maintained by coagulation of monomers deposited 
from the vapour. 
ii) All clusters are in random motion. 
iii) Interactions among clusters will be neglected 
when considering their motion toward an 
absorbing step. 
iv) Every cluster incorporates into the step 
instantaneously, as a group. The addition of 
an n sized cluster to the step is equivalent 
to the simultaneous addition of n individual 
molecules. 
v) Evaporation and condensation of clusters is 
negligible compared to the coagulation of 
clusters. 
The velocity of the step advance is separated into 
contribution from the different clusters, v , each cluster 
n 
being treated as a monomer 




Defining the rate of incorporation into the lattice of n 
size clusters as I , the separation of surface sites as c, 
n 
and the separation of the absorbing kinks as d, one sees 
that the velocity of growth is equivalent to 
3 
v = I c /de .. 
n n 
The stationary state of the surface may be described by 
the familiar continuity equation: 
(4p+qn}P(x,y} = p(P(x+l,y} + P(x-l,y} + P(x,y+l} 
+ P (x ,y-1) .. 1 + i 
n 




( 6 3} 
the class of n size clusters, respectively. The rate at 
which surface particles of size i and k coagulate is 
calculated in an analogous manner to the rate of coagula-
tion of colloids calculated by Smoluchowski (1916} and 
described by Chandrasekhar (1943}. The rate for a two-





where Dik is the sum of the diffusion coefficients of the 
i and k size particles, v. is the surface particle density 
l. 
of i size particles, and Rik is the collision radius for 
collisions of these particles. For any time greater than 
2 -4 Rik/Dik' about 10 sec., this becomes: 
(6 5} 
Thus the rate of appearance of n size particles is 




For the motion on the surface it is assumed that monomeric 
adsorbents are much more numerous than any types of 
aggregates, and that the disappearance of clusters of a 
certain size is caused only by collisions of the aggregate 
with a single molecule. In this approximation the rate 
of disappearance of n type clusters is 
The density of aggregates, \) ' n is calculated by 
(6 7) 
studying the time dependence. Particles enter an n-class 
by coagulation of smaller particles, and leave this class 
by colliding with single molecules or other aggregates. 
In addition, there is a continuous deposition of single 
molecules, and absorption of clusters and molecules into 





where oln is the Kronecker delta. (6 8) 
The first two terms correspond to the growth and decrease 
on the n-class of clusters by coagulation of particles, 
the third term is the deposition of monomeric molecules 
on the surface from the vapour, and the last term 
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corresponds to the clusters being absorbed into the lattice 
at the step. A rough approximation is made for the latter, 
namely that a cluster need only reach an edge to be 
absorbed into the lattice, and the probability of reaching 
an edge is equal to the inverse of the farthest distance 
of a particle from an edge, m/2. We shall now make the 
mathematically convenient assumption that the diffusion 
constant is independent of particle size, Dik=D. By 
using this assumption, we postulate that there exists a 
monodisperse distribution of cluster sizes on the surface. 
This is justified in the case that the growth steps are 
close together, so that in the steady state there is not 
much opportunity for coagulative growth on the surface. 
Let 't = 11'Dt. Equation (68) ls simplified to 
dvn ~ 2 . ~ = L vl..vk - " [ 2 ~v.+---D] + 11'01 ~ln· 
UL i+k=n n i l. m11' 
We sum this over all n, with the result that 
2 




The solution of this is equivalent to the solution of the 
following equation: 
2 df/dx = - f - af + b. (71) 




1 log { 2f+a+la +4b }I X = X 0 
la2+4b 2 2f+a-la +4b f(x ) 
0 
Thus the solution for ( 70) is 
1 2n+a+ 1 log 
2n0 +a+ 
1' = -log (2n+a ) (2n +a ) n n 0 -
where the notation is . 
2 2 2 4i 
n = (mrrD) + TID i 2 a = + n + mrrD · a 
2 
= mrrD - n • 
n
0 
and n are the values of LVn at times zero and t, 
n 




( 7 3) 
steady state density of monomers calculated in the Gevers 
model . 
n = P(x,y) 
0 
d-l 2rrnx 
= P {1- L A(n) cos(---d-)cosh(28ny)} 
0 
n=O 




( 7 4) 
( 7 5) 
We can now solve for all the den~ities v as functions of 
n 




. - + 
= <2 (S-1) 
( 7 6) 
These densities are substituted into (65) and (66) to get 
the rate of appearance and disappearance of n size clusters. 
Using equations (63) and (61) gives the rate of growth of 
the step. The steady state motion of the step is found 
for long times, Sa_>>a+' by noting that the time change 
of the density is zero. The steady state density is: 
i 2 




i 2 ~ TID [mTID 1 -a ] 2 -
In a similar way the other densities are found. Using 
the resulting densities the rate of steady state growth 
of the step is obtained. 
( 77) 
The rate of growth of the step with the contributions 
of coagulating aggregates has been found. It is seen 
that the overall form of the solution is similar to that 
found for the Gevers problem . A closed form solution does 
not seem feasible at this time, but numerical calculations 
using the growth and development equations could be 
conducted. An important problem to be solved, however, 
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concerns the calculation of the diffusion coefficient D. 
The coefficient depends on the detailed configuration of 
the aggregates on the surface, including the binding of 
molecules to each other, the shape and size of the 
clusters, and the binding of the clusters to the surface. 
The assumption of a monodisperse distribution of cluster 
sizes could be used again. The diffusion coefficient 
is related to the mobility, B, by 
D = kTB. (78) 
It is reasonable that the mobility is related to the area 
taken up by the cluster on the surface, or the radtus 
squared of the cluster. The evaluation of the related 
constants involves a more detailed examination of the 
interaction of the cluster with the surface. 
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VI. CONCLUSIONS 
The behavior of ice crystal habit with respect to 
change in temperature has been explained by the differences 
in growth rates of steps on the basal and prismatic planes 
of the ice crystal. The present work has considered 
various models of the growth of steps on an ice crystal 
surface. In the first model a cubic lattice approximated 
the ice crystal surface structure, and the growth of the 
step was described by the random motion of adsorbent 
molecules on the surface, and their absorption into the 
step. We advance an alternate derivation of the equations 
of motion which is more clear and straightforward than an 
earlier derivation. Reasonable values of the pertinent 
binding energies were used to calculate the velocity of 
growth of the step. 
The theoretical velocity of growth showed a clear peak 
in its temperature dependence within one degree Centigrade 
of the peak experimentally observed by Hallett (1961) and 
Lamb and Scott (1970). This is not seen in the continuous 
stochastic theories of Hobbs and Scott (1965) and Lakoma 
(1969). The general behavior of the theoretical curve of 
growth velocity versus temperature describes the experimental 
situation better, in that there is an overall decrease of 
velocity with decreasing temperature. 
The magnitude of the growth velocity is not expected 
to have more than a rough order of magnitude agreement 
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with experiment. The theory has a strong dependence on 
the frequency of vibration of adsorbent molecules on the 
surface which varies by an order of magnitude among 
different authors. In addition, the present calculation 
is for the growth of a monomolecular step, as opposed to 
0 
a step of height about 250 A observed in experiments. 
The exact height of the step in terms of monomolecular 
steps is another factor of uncertainty. Within these 
limits, however, the agreement of experimental and theoret-
ical magnitudes of velocity is reasonable. 
The structure of an ice surface is actually hexagonal 
rather than cubic. The stochastic model formulated above 
is extended to include the effect of surface structure on 
the motion. As a first approximation the saddle point 
between two hydrogen bond positions on the surface is 
treated as a site with weak van der Waals binding. This 
two step model is described by an appropriate coordinate 
system to emphasize the symmetry of the surface motion. 
Using these coordinates, the model is solved in terms of 
constant coefficients to be evaluated by a consideration of 
the exact form of the growing step. 
A further modification of the stochastic model considers 
the interactions among adsorbent molecules. This model 
examines the formation of clusters on the surface and 
includes them in the rate of advance of a step over the ice 
crystal surface. The clusters are formed by the random 
aggregation of monomers which is described by the 
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Smoluchowski theory of coagulation of colloids. We show 
a solution which can be numerically evaluated, if the 
motion of the clusters on the surface can be described. 
However, the motion on the surface depends on a detailed 
study of the cluster configuration on the surface, which 
is beyond the scope of the present work. 
Finally, we must mention an important assumption under-
lying the stochastic model used in the present work. The 
particles on the surface are assumed to be jumping indepen-
dently of the energy of the jumping particle. Such a 
situation corresponds to transition between equilibrium 
sites and immediate damping of the motion of the molecule 
at these sites. This assumption has been noted quite early 
by Einstein and Smoluchowski, and has been used in all the 
ice surface diffusion theories mentioned here. The 
justification of this assumption rests on the value of 
the mobility of the molecule on the surface, a point which 
has never been extensively considered. 
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APPENDIX 
ACTIVATION ENERGIES FOR SURFACE TRANSITIONS 
The motion of an adsorbent particle on a lattice has 
been discussed by Lakoma (1967). She used a model which 
involved a hexagonal lattice to calculate parameters for 
the motion of adsorbentsi we shall use the energies 
calculated for this system to consider the motion of 
adsorbents on a cubic lattice, with the argument that the 
hexagonal lattice induces only a constant numerical factor 
in the diffusion coefficient. This approximation does not 
affect the temperature dependence. The following 
essentially restates the various transition energies used 
by Lakoma. 
The adsorbent particle at a surface equilibrium 
position is joined to the nearest surface molecule by a 
hydrogen bond. The influence of the remainder of the 
-6 
surface is taken simply to be of the form r , where r 
is the separation between adsorbent and surface particle. 
We shall postulate that there are three next nearest 
neighbours besides the hydrogen bond partner which influence 
the adsorbent particle. During the transition between 
hydrogen bonded equilibrium positions, the particle must 
pass over a position of relative equilibrium, characterized 
by a weak van der Waals bond. Because of this, the 
magnitude of the barrier for transition between stable 
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adsorption positions should be equal to the difference 
between the energy of the hydrogen bonded position and 
the energy of the particle at a van der Waals bonded site. 
If the total energy for the evaporation of one molecule 
is taken to equal 12.2 kcal mol-1 , and the energy of the 
hydrogen bond is 5.8 kcal mol-1 , the energy among the 
three next nearest neighbours is 0.3 kcal mol-1 . The 
-1 
energy of the van der Waals bond is 1.9 kcal mol , and 
the total energy of a van der Waals equilibrium site is 
2.2 kcal mol-l. Thus the energy for transition among 
hydrogen bonded equilibrium positions in the cubic lattice 
-1 
model is taken to be 3.9 kcal mol . 
The transition between edge sites is taken to be 
the same as the transition between surface sites. A jump 
betwee~ an edge site and a surface site is similar to a 
transition between surface positions, except that there 
is an extra hydrogen bond to break. The transition energy 
is therefore, U = 9.7 kcal mol-1 . 
se 
A further value to be calculated is the energy 
necessary to form kink. To transfer two particles from 
a site on the step to any other surface adsorption 
position it is necessary to break two hydrogen bonds, and 
four nearest neighbour bonds. The energy expended is 
12.0 kcal mol-l . In the process four kink sites are 
formed. Therefore the energy necessary to form one kink 
is 3.0 kcal mol-1 . 
